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COBORDISM OF FLAG BUNDLES
AMALENDU KRISHNA
Abstract. Let G be a connected linear algebraic group over a field k of charac-
teristic zero and let P be a parabolic subgroup of G containing a fixed maximal
torus T . For a scheme X of finite type over k and a principal G-bundle E → X ,
we describe the rational algebraic cobordism of the flag bundle E/P → X in
terms of the cobordism groups of X and the classifying space BT . In particular,
we obtain formulae for the algebraic cobordism groups of the various flag bundles
associated to a vector bundle on a scheme. As a consequence, we describe the
cobordism group of any principal bundle over a scheme. We also obtain similar
formula for the higher Chow groups of flag bundles.
1. Introduction
Let k be a field of characteristic zero. In this paper, we shall consider only
those schemes which are quasi-projective over k. Based on the construction of the
motivic algebraic cobordism spectrumMGL by Voevodsky in the stable homotopy
category of k, and the already known cobordism theory for complex manifolds [16],
Levine and Morel [12] invented the algebraic cobordism theory Ω∗(−). The most
important aspect of this theory is that Ω∗(−) is the universal oriented Borel-Moore
homology theory in the category of k-schemes. In particular, it is the universal
oriented cohomology theory in the category of smooth schemes over k.
As a consequence, many known theories, e.g., algebraic K-theory, Chow groups,
can be directly obtained from the cobordism theory of Levine and Morel. This
makes the question of describing the algebraic cobordism groups of various schemes
interesting and important. Since this theory has been invented only some years
ago, not many cases of computations of Ω∗(−) have been known. Levine and
Morel showed that the coefficient ring Ω∗(k) is isomorphic to the known Lazard
ring. They were also able to describe the algebraic cobordism of a projective
bundle in terms of the cobordism group of the base scheme. The principal aim of
this paper is to generalize this description to the case of arbitrary flag bundles. As
a consequence, we also describe the cobordism groups of principal G-bundles over
k-schemes.
In order to motivate our main results, we recall the following result, due to Borel
and Leray, well known in algebraic topology and its analogue in algebraic geometry,
due to Vistoli [19]. Assume k = C is the field of complex numbers and let G be a
connected and reductive complex algebraic group. We fix a maximal torus T of G,
a Borel subgroup B of G containing T and let W denote the Weyl group of G with
respect to T . Let T̂ denote the character group of T and let Sym(T̂ ) denote the
symmetric algebra of T̂ ⊗Q over Q. Let X be a complex manifold and let E → X
be a principal G-bundle. The reader can think of it as a G(C)-fiber bundle over
X(C). Since the principal bundles are represented by the maps to the classifying
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spaces in topology, we immediately get the characteristic homomorphisms
Sym(T̂ )
W ∼= H∗(BG,Q)
cE−→ H∗(X,Q) and Sym(T̂ )
αE−→ H∗(E/B,Q).
The homomorphism αE sends a character t of T to the first Chern class of the
associated line bundle E/B
T,t
× A1 → E/B. This induces a homomorphism of
Sym(T̂ )-algebras
(1.1) H∗(X,Q)⊗
Sym(T̂ )
WSym(T̂ )
λX−→ H∗(E/B,Q)
and is an isomorphism.
Let X be now a scheme and let CH∗(X) denote the rational Chow group of
algebraic cycles on X modulo the rational equivalence. Let A∗(X) be the Fulton-
MacPherson bivariant cohomology ring of X . Recall that this is a subring of the
endomorphism ring of CH∗(X). In the same set up as above, Vistoli [19] showed
that there are still the characteristic maps
Sym(T̂ )
W cE−→ A∗(X) and Sym(T̂ )
αE−→ A∗(E/B)
such that the induced map of Sym(T̂ )-modules
(1.2) CH∗(X)⊗Sym(T̂ )W Sym(T̂ )
λX−→ CH∗(E/B)
is an isomorphism. This completely describes the Chow groups of the flag bundle
in terms of the Chow group of the base.
In this paper, we study similar questions for the description of the higher Chow
groups and more importantly, the algebraic cobordism groups of generalized flag
bundles over any base scheme. The similar techniques can also be used to write
down the description of the complex cobordism of flag bundles over complex man-
ifolds. In case of the higher Chow groups, we obtain a more direct proof of the
above formula using the localization sequence for these groups. In particular, this
yields a different and simpler proof of Vistoli’s theorem for the Chow groups. The
proof in the case of the cobordism becomes much more complicated, mainly due
to the absence of the higher cobordism groups at present. In this case, we adapt
some of the arguments of [19] to the case of cobordism. We now state our main
results.
Let G be a connected linear algebraic group and let T , B and W be a fixed split
maximal torus, a Borel subgroup containing the maximal torus and the associated
Weyl group respectively. We shall often denote this datum by the quadruplet
(G, T,B,W ). Let r denote the rank of T . Let P be a parabolic subgroup of G
containing B and let WP denote the Weyl group of the Levi subgroup of P with
respect to T .
Let S(G) and C(G) denote the G-equivariant rational Chow ring and the alge-
braic cobordism ring of Spec(k) (see Section 3 below). Since we are interested in
describing the higher Chow groups and cobordism groups with the rational coeffi-
cients, we make the convention that an abelian group A for us will actually mean
A ⊗Z Q. Furthermore, we shall write the higher Chow groups and the cobordism
groups cohomologically in this paper in the sense that CHi(X, n) and Ωi(X) will
mean the groups CHdim(X)−i(X, n) and Ωdim(X)−i(X) respectively. For any scheme
X , we shall write the full Chow groups as
CH∗(X) =
∞
⊕
i=0
∞
⊕
n=0
CHi(X, n).
Let p : E → X be a principal G-bundle and let π : E/P → X be the flag
bundle associated to the parabolic subgroup P . We show in Section 3 below
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that the algebraic cobordism groups Ω∗(X) and Ω∗(E/P ) are modules over the
rings C(G) and C(P ) respectively. Moreover, it is known (cf. [10, Theorem 6.6])
that C(G) = C(T )W and C(P ) ∼= C(T )
WP . The similar methods also show that
the higher Chow groups CH∗(X, n) and CH∗(E/P, n) are modules over the rings
S(G) = SW and S(P ) = SWP respectively. Now we have:
Theorem 1.1. The natural map of C(P )-modules
(1.3) λX : Ω
∗(X)⊗C(G) C(P )→ Ω
∗(E/P )
is an isomorphism. Moreover, it is an isomorphism of rings if X is smooth.
Theorem 1.2. The natural map of S(P )-modules
(1.4) αX : CH
∗(X)⊗S(G) S(P )→ CH
∗(E/P )
is an isomorphism. This is an isomorphism of rings if X is smooth.
As consequences of these results, we obtain the formulae (cf. Corollaries 6.6
and 8.2) for the cobordism and the higher Chow groups of principal bundles. We
remark here that as we are working with the rational coefficients, the assumption
about the maximal torus T being split is not a necessary one. One can reduce to
this case by the transfer arguments.
We conclude the introduction with a brief outline of the contents of this paper.
We recall the definitions and some important properties of the ordinary and the
equivariant algebraic cobordism in the next section. We use these fundamental
properties to construct our map λX in Section 3. We also deduce some functorial
properties of this map with respect to morphisms between schemes. In section 4,
we prove some algebraic results and use these together with some results of [10]
to deduce our main result for algebraic cobordisms of trivial flag bundles over
smooth schemes. In Section 5, we prove the surjectivity of λX using the localization
sequence for the cobordism, the corresponding result for the trivial flag bundles
and an induction argument. We prove Theorem 3.4 in Section 6 by first proving
it for the trivial flag bundles, which uses the proof of the similar result for the
Chow groups of trivial bundles in [19], and then using a filtration argument for
general schemes. The final proof of Theorem 1.1 is given in Section 7, where we
deduce this from the case of flag bundles associated to the Borel subgroups. The
last section is devoted to the proof of Theorem 1.2 where the main tool is the long
exact localization sequence for the higher Chow groups.
2. Recollection of ordinary and equivariant cobordism
In this section, we briefly recall the definitions and basic properties of the ordi-
nary and equivariant algebraic cobordism.
2.1. Algebraic cobordism. Recall from [12] that for any scheme X and any
i ∈ Z, the algebraic cobordism group Ωi(X) is given by the quotient of the Q-
vector space Z i(X) on the classes of projective morphisms [Y
f
−→ X ], where Y is
a smooth scheme and f has relative codimension i = dim(X) − dim(Y ). This
quotient is obtained by the relations in Z i(X) defined by certain axioms like the
dimension axiom, section axiom and the formal group law. It was later shown by
Levine and Pandharipande [14] that Ωi(X) can also be described as the quotient
of Z i(X) by the subspace generated by those cobordism cycles which are given by
the double point degeneration relation. In particular, there is a natural surjection
Z∗(X)։ Ω∗(X). It also follows that Ω∗(X) is a graded Q-vector space, where the
grading is given by the codimension of a cobordism cycle. Moreover, Ωi(X) = 0 for
i > dim(X) and Ωi(X) could be non-zero for any −∞ < i ≤ dim(X). In fact, the
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exterior product on cobordism makes Ω∗(X) a graded ring for smooth X , which is
a graded Ω∗(k)-algebra. In general, Ω∗(X) is a graded Ω∗(k)-module.
The following is the main result of Levine and Morel from which most of their
other results on algebraic cobordism are deduced.
Theorem 2.1. The functor X 7→ Ω∗(X) is the universal Borel-Moore homology
on the category of k-schemes. In other words, it is universal among the homology
theories on this category which have functorial push-forward for projective mor-
phism, pull-back for smooth morphism (any morphism of smooth schemes), Chern
classes for line bundles, and which satisfy Projective bundle formula, homotopy
invariance, the above dimension, section and formal group law axioms. Moreover,
for a k-scheme X and closed subscheme Z of X of pure codimension p with open
complement U , there is a localization exact sequence
Ω∗(Z)→ Ω∗(X)→ Ω∗(U)→ 0.
It was also shown in loc. cit. that the natural composite map
Φ : L→ L⊗Q Ω
∗(k)։ Ω∗(k)
a 7→ [a]
is an isomorphism of commutative graded rings. Here, L is the Lazard ring which
is a polynomial ring over Q on infinite but countably many variables and is given
by the quotient of the polynomial ring Q[Aij |(i, j) ∈ N
2] by the relations, which
uniquely define the universal formal group law FL of rank one on L. This formal
group law is given by the power series
FL(u, v) = u+ v +
∑
i,j≥1
aiju
ivj,
where aij is the equivalence class of Aij in the ring L. The Lazard ring is graded by
putting the degree of aij to be 1− i−j. In particular, one has L0 = Q,L−1 = Qa11
and Li = 0 for i ≥ 1, that is, L is non-positively graded. We refer to loc. cit. for
more properties of algebraic cobordism.
2.2. Equivariant algebraic cobordism. Let (G, T,B,W ) be the datum as above
for a given connected linear algebraic group G over k. For a scheme X with a linear
action of G, the equivariant algebraic cobordism of X was defined by Deshpande
[4] when X is smooth and this was later defined and studied for all schemes in [10].
Since this is a new theory and since we shall have need for this here, albeit in a
mild way, we briefly recall it.
For any integer j ≥ 0, let Vj be an l-dimensional representation of G and let Uj
be a G-invariant open subset of Vj such that the codimension of the complement
(Vj−Uj) in Vj is at least j and G acts freely on Uj such that the quotient Uj/G is a
quasi-projective scheme. Such a pair (Vj, Uj) is called a good pair for the G-action
corresponding to j. It is known that in our set up, good pairs always exist (cf. [5,
Lemma 9]). Let XG denote the mixed quotient X
G
× Uj of the product X × Uj by
the diagonal action of G, which is free.
Let X be a k-scheme of dimension d with a G-action. Fix j ≥ 0 and let (Vj , Uj)
be an l-dimensional good pair corresponding to j. Put
(2.1) ΩGi (X)j =
Ωi+l−g
(
X
G
× Uj
)
Fd+l−g−jΩi+l−g
(
X
G
× Uj
) .
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Here, FpΩi(X) is the pth level of the Niveau filtration (cf. [10, Section 3]) which is
roughly given by the subspace of Ωi(X) generated by the images of Ωi(Z)→ Ωi(X)
under the push-forward map, where Z →֒ X is a closed subscheme of dimension
at most i. It is known that ΩGi (X)j is independent of the choice of the good pair
(Vj, Uj) and one defines
(2.2) ΩGi (X) := lim←−
j
ΩGi (X)j.
The reader should note from the above definition that unlike the ordinary cobor-
dism, the equivariant algebraic cobordism ΩGi (X) can be non-zero for any i ∈ Z.
We let
ΩG∗ (X) =
⊕
i∈Z
ΩGi (X)
and we let
(2.3) Ω∗G(X) =
⊕
i∈Z
ΩiG(X), where Ω
i
G(X) = Ω
G
dim(X)−i(X).
The equivariant cobordism satisfies all those properties which are listed in The-
orem 2.1 for the ordinary algebraic cobordism. Since we shall need some of these
properties, we state them below for the sake of completeness.
Theorem 2.2. (cf. [10, Theorems 5.1, 5.4]) The equivariant algebraic cobordism
satisfies the following properties.
(i) Functoriality : The assignment X 7→ Ω∗(X) is covariant for projective maps
and contravariant for smooth maps of G-schemes. It is also contravariant for l.c.i.
morphisms of G-schemes.
(ii) Homotopy : If f : E → X is a G-equivariant vector bundle, then f ∗ :
ΩG∗ (X)
∼=
−→ ΩG∗ (E).
(iii) Chern classes : For any G-equivariant vector bundle E
f
−→ X of rank r, there
are equivariant Chern class operators cGl (E) : Ω
G
∗ (X) → Ω
G
∗−l(X) for 1 ≤ l ≤ r
which have same functoriality properties as in the non-equivariant case.
(iv) Free action : If G acts freely on X with quotient Y , then ΩG∗ (X)
∼=
−→ Ω∗(Y ).
(v) Exterior Product : There is a natural product map
ΩGi (X)⊗Z Ω
G
i′ (X
′)→ ΩGi+i′(X ×X
′).
In particular, ΩG∗ (k) is a graded algebra and Ω
G
∗ (X) is a graded Ω
G
∗ (k)-module for
every X ∈ VG.
(vi) Projection formula : For a projective map f : X ′ → X in VSG, one has for
x ∈ ΩG∗ (X) and x
′ ∈ ΩG∗ (X
′), the formula : f∗ (x
′ · f ∗(x)) = f∗(x
′) · x.
(vii) Localization sequence : For a G-invariant closed subscheme Z ⊂ X with the
complement U , there is an exact sequence
ΩG∗ (Z)→ Ω
G
∗ (X)→ Ω
G
∗ (U)→ 0.
For a G-equivariant vector bundle E on X , we shall often denote the equivariant
Chern class operators as cGi (E)∩−. Note that these Chern classes behave like the
Chern classes of the ordinary vector bundles on the ordinary cobordism of the
mixed spaces defined before. In particular, if χ is a character of G (which is just
a G-equivariant line bundle on spec(k)), the above exterior product is explicitly
described as
(2.4) Ω∗G(X)⊗L Ω
∗(k)→ Ω∗(X)
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w ⊗ cG1 (Lχ) 7→ c
G
1 (p
∗(Lχ)) ∩ w
if p : X → Spec(k) is the structure map. Here, Lχ is the line bundle associated to
χ and cG1 (Lχ) is identified with the element c
G
1 (Lχ)(id) in the ring C(G).
We shall denote C(G) := Ω∗(k) by Ω∗(BG) and call it as the cobordism ring of
the classifying space of G. It is known from the universal property of the algebraic
cobordism that for a complex linear algebraic group G, there is a natural map of
rings
(2.5) ρG : Ω
∗(BG)→MU∗(BG),
where MU∗(BG) is the rational complex cobordism group of the topological clas-
sifying space of G(C). Moreover, this realization map is in fact an isomorphism (cf.
[10, Theorem 6.8]). Thus, Ω∗(BG) is truly the cobordism ring of the classifying
space of G.
If H ⊂ G is a closed subgroup, then for any G-scheme X and a good pair
(Vj, Uj), the G/H-fibration XH → XG induces a natural restriction map
(2.6) rGH : Ω
∗
G(X)→ Ω
∗
H(X)
which in particular gives a natural Q-algebra homomorphism Ω∗(BG)→ Ω∗(BH).
This restriction map in fact completely describes Ω∗(BG) in terms of Ω∗(BT ) in
the following way.
Theorem 2.3. (cf. [10, Theorem 6.6]) The natural map Ω∗G(X)→ Ω
∗
T (X) induces
an isomorphism of C(G)-modules
Ω∗G(X)
∼=
−→ (Ω∗T (X))
W .
In particular, one has C(G)
∼=
−→ C(T )W .
If T is a split torus of rank r and if {χ1, · · · , χr} is a Q-basis of T̂ with associated
line bundles {Lχ1 , · · · , Lχr}, then there is a natural ring isomorphism
L[[x1, · · · , xr]]
∼=
−→ C(T )
which maps xi to the class of the first Chern class c1(Lχi) in Ω
∗(BT ). Similarly,
there is an isomorphism L[[γ1, · · · , γn]]
∼=
−→ C(GLn), where the image of γi is the
ith Chern class of the canonical rank n vector bundle on BGLn. Under the iso-
morphism C(GLn) ∼= C(T )
W of Theorem 2.3, the image of γi is the ith elementary
symmetric polynomial in the variables of C(T ).
We also recall here that there is a similar relation between the Chow rings of
BG and BT (cf. [18], [5]), that is,
(2.7) S(G) = CH∗(BG)
∼=
−→ CH∗(BT )W = S(T )W
and moreover
S(GLn) ∼= Q[γ1, · · · , γn] →֒ Q[x1, · · · , xn] = S(T ).
3. The homomorphism λX
In this section, we explain the homomorphism λX of Theorem 1.1 and then
prove some functoriality properties of this map with respect to the maps between
schemes. We consider the case of flag bundles associated to Borel subgroups of G,
from which the general case can easily be deduced (cf. Section 7).
Let X be a scheme and let p : E → X be a principal G-bundle and let π :
E/B → X be the flag bundle associated to the Borel subgroup B. Since E is a
G-scheme where G acts freely, it follows from Theorem 2.2 that Ω∗(X) ∼= Ω∗G(E)
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is a C(G)-modules. In the same way, Ω∗(E/T ) ∼= Ω∗T (E) is a C(T )-module (and
hence a C(G)-module by restriction). On the other hand, E/T → E/B is a
principal Bu-bundle, where Bu is the unipotent radical of B. By [3, XXII, 5.9.5],
Bu has a finite filtration by normal subgroups whose successive quotients are the
vector groups. A successive application of homotopy invariance now implies that
Ω∗(E/B)
∼=
−→ Ω∗(E/T ). Hence, Ω∗(E/B) is a C(T )-module. Thus, Ω∗(X) and
Ω∗(E/B) are naturally C(G) and C(T )-modules respectively, which defines the
map λX as λX(w ⊗ x) = x · π
∗(w).
Recall that C(T ) is the power series over L in the first Chern classes of the line
bundles associated to the characters of T and Theorem 2.3 implies that C(G) is
also generated by the first Chern classes of theW -invariant characters inside C(T ).
Using the description of these module structures in (2.4), we see that the map
λX is given by
(3.1) λX : Ω
∗(X)⊗C(G) C(T )→ Ω
∗(E/B)
w ⊗ c1(χ) 7→ c1(χ) ∩ π
∗(w)
for a character χ of T . It is easy to see from this that this is an L-algebra homo-
morphism if X is smooth.
Remark 3.1. For readers who are little bit familiar with the language of quotient
stacks and know that the G-equivariant line bundles on a G-scheme X are same
as ordinary line bundles on the quotient stack [X/G], we can explain the above in
this set up as follows. The principal G-bundle E → X uniquely gives rise to the
following commutative diagram of morphisms.
(3.2) E/B
pi
//
q

X
p

BT // BG,
where BG is the quotient stack [k/G]. The map λX is then given as λX (w ⊗ c1(χ)) =
c1(q
∗(Lχ)) ∩ π
∗(w).
In particular, if E = G × X → X is a trivial principal bundle, then the map
X → BG canonically factors through the structure map X → Spec(k)→ [k/G] =
BG. Hence, the map λX in this case is given by
(3.3) Ω∗(X)⊗L
(
L⊗C(G) C(T )
)
→ Ω∗(E/B).
Here, the left term is identified as Ω∗(X) ⊗L Ω
∗(G/B) by [10, Theorem 7.6] and
Ω∗(X)⊗L Ω
∗(G/B)
λX−→ Ω∗(E/B) is simply the exterior product map.
To prove certain functoriality properties of λX , we need the following elementary
result on the equivariant cobordism.
Lemma 3.2. Let G be a linear algebraic group over k and let f : Y → X and
g : Z → X be projective and smooth morphisms of G-schemes respectively. Then
the maps f∗ : Ω
∗
G(Y )→ Ω
∗
G(X) and g
∗ : Ω∗G(X)→ Ω
∗
G(Z) are C(G)-linear.
Proof. We only give a sketch for the C(G)-linearity of f∗. The assertion about g
∗
is similar and much simpler. Note that the C(G)-module structure on Ω∗G(X) is
given by the exterior product (cf. Theorem 2.2). It suffices to show that
f∗(x · w) = x · f∗(w)
when x and w are generators of the corresponding cobordism groups Ω∗(Uj/G)
and Ω∗((Y × Uj)/G), where (Vj , Uj) is any given good pair for G-action. So let
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W1
s1−→ Uj/G and W2
s2−→ Y
G
× Uj be projective morphisms from smooth and
connected schemes, representing the cobordism classes x and w respectively. Let
W˜1 and W˜2 be the pull-backs of W1 and W2 to Uj and Y ×Uj respectively. By the
definition of the push-forward and exterior product, we have
f∗(x · w) = f∗
([
W˜1
G
× W˜2 → Y
G
× (Uj × Uj)
])
=
[
W˜1
G
× W˜2 → X
G
× (Uj × Uj)
]
and the last term is same as the class of x · f∗(w) in Ω
∗(XG) which can be taken as
X
G
× (Uj ×Uj) because (Vj × Vj, Uj ×Uj) is also a good pair for the G-action. 
Lemma 3.3. Let f : Y → X and g : Z → X be respectively, the projective and
the smooth morphisms. Let p : E → X be a principal G-bundle and let EY and
EZ denote its pull-backs to Y and Z respectively. Consider the following Cartesian
diagrams of flag bundles.
(3.4) EY /B
f
//
piY

E/B
pi

EZ/B
g
//
piZ

E/B
pi

Y
f
// X Z g
// X.
Then the diagrams
(3.5) Ω∗(Y )⊗C(G) C(T )
λY
//
f∗⊗id

Ω∗(EY /B)
f
∗

Ω∗(X)⊗C(G) C(T )
λX
// Ω∗(E/B)
(3.6) Ω∗(X)⊗C(G) C(T )
λX
//
g∗⊗id

Ω∗(E/B)
g∗

Ω∗(Z)⊗C(G) C(T )
λZ
// Ω∗(EZ/B)
are commutative.
Proof. To show the commutativity of the first square, we have
f ∗ ◦ λY (w ⊗ x) = f ∗(x · π
∗
Y (w))
= x · f ∗(π
∗
Y (w)) (By Lemma 3.2)
= x · π∗(f∗(w))
= λX(f∗(w)⊗ x),
where the third equality follows from the fact that the first square in (3.4) is
Cartesian with π smooth and f projective. The proof of the commutativity of the
second square is similar. 
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Let (G, T,B,W ) be as above where G is a connected linear algebraic group.
Let Gu denote the unipotent radical of G and let L denote the corresponding
quotient as a reductive group. Then any principal G-bundle E → X canonically
gives a principal L-bundle EL = E/G
u → X . Moreover, as the Borel subgroup B
contains Gu, we see that E/B
∼=
−→ EL/BL, where BL is the image of B which is a
Borel subgroup of the reductive group L. Since C(G) ∼= C(L), as follows from the
Levi decomposition and the homotopy invariance, we conclude that it is enough
to consider the case when G is reductive in order to prove our main results. Hence
for the rest of this paper, G will always denote a connected reductive group. We
shall deduce Theorem 1.1 from the following result for the algebraic cobordism of
the flag bundles associated to the Borel subgroup B.
Theorem 3.4. Let p : E → X be a principal G-bundle and let π : E/B → X be the
flag bundle associated to the Borel subgroup B. The natural map of C(T )-modules
(3.7) λX : Ω
∗(X)⊗C(G) C(T )→ Ω
∗(E/B)
is an isomorphism. Moreover, it is an isomorphism of rings if X is smooth.
4. Some algebraic reductions
Let (G, T,B,W ) be as above and let T be a split torus of rank r. This rank
will be fixed throughout. We fix a basis {χ1, · · · , χr} of T̂ and let S = Sym(T̂ ) =
Q[x1, · · · , xr] be the polynomial algebra in the first Chern classes of the line bundles
associated to the characters {χi, · · · , χr}. Let S
W ⊂ S be the subalgebra generated
by the homogeneous polynomials which are invariant under the action of W . This
gives us a square of ring inclusions
(4.1) (L[x1, · · · , xr])
W //

L[x1, · · · , xr]

C(G) // C(T ),
which is Cartesian and where C(G) has been identified with C(T )W . We shall
write L[x1, · · · , xr] simply as SL. Note that SL and S
W
L are canonically isomorphic
to L ⊗Q S and L⊗Q S
W as L-algebras. It is also known that SWL is a polynomial
algebra over L of rank r. We shall denote the homogeneous generators of this
subalgebra by {σ1, · · · , σr}.
Let I be the ideal of S generated by the homogeneous elements of positive degree
which are invariant under W and let Λ denote the ring S/I. Then we see that
ΛL = L⊗QΛ is canonically isomorphic to the L-algebra L[x1, · · · , xr]/I. We recall
the following result from [19, Lemma 1.2].
Lemma 4.1. The graded Q-algebra Λ is finite. If N is the maximal integer for
which ΛN 6= 0, then N = dim(G/B). Moreover, the Q-vector space ΛN is one-
dimensional, and if d is an integer, the homomorphism
Λd ⊗ ΛN−d → ΛN
given by the multiplication in Λ is a perfect pairing of finite-dimensional Q-vector
spaces.
Lemma 4.2. Let A be a commutative ring and let I be an ideal of A. Let J be
a finitely generated ideal of A. Then for any A-module M , the natural maps of
Â-modules
JM̂ → ĴM,
M̂
JM̂
→
(̂
M
JM
)
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are isomorphisms, where M̂ denotes the I-adic completion of M .
Proof. Consider the exact sequence
(4.2) 0→ JM →M →
M
JM
→ 0.
Since the topology on M is given by the descending chain M ⊃ IM ⊃ I2M ⊃ · · ·
of submodules, it follows from [15, Theorem 8.1] that
(4.3) 0→ (̂JM)→ M̂ →
(̂
M
JM
)
→ 0
is exact. Thus, we only need to show the first isomorphism to prove the lemma.
Suppose J =
n∑
i=1
aiA and define
φ :Mn →M
φ(m1, · · · , mn) =
n∑
i=1
aimi.
This makes the sequence
(4.4) M r →M →
M
JM
→ 0
exact. It again follows from [15, Theorem 8.1] that
(4.5) M̂ r
φ̂
−→ M̂ →
(̂
M
JM
)
→ 0
is exact. On the other hand, φ̂ is again given by φ̂(m̂1, · · · , m̂n) =
n∑
i=1
aim̂i. In other
words, Image(φ̂) = JM̂ . The first isomorphism now follows from this and (4.3).
This proves the lemma. 
Corollary 4.3. The natural homomorphisms of rings
L⊗ Λ
∼=
−→
L[x1, · · · , xr]
I
→
C(T )
IC(T )
→ C(T )⊗C(G) L
are isomorphisms.
Proof. We first observe that the cobordism ring C(T ) is the inverse limit of the
cobordism rings of the form (Ω∗(BT ))j≥0 on each of which the Weyl group acts.
In particular, the action of W on C(T ) is induced by its action on the polyno-
mial ring L[x1, · · · , xr] and C(T )
W is the inverse limit of the W -invariants in the
inverse system (Ω∗(BT ))j≥0. Thus we see that we can write S
W
L = L[σ1, · · · , σr] →֒
L[x1, · · · , xr] and C(G) = C(T )
W is the subring of the power series ring L[[x1, · · · , xr]]
generated by the homogeneous polynomials {σ1, · · · , σr}. Moreover, the ideal I in
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C(T ) is the extension of the ideal (σ1, · · · , σr) of S
W = Q[σ1, · · · , σr] which we
also denote by I. Let m denote the ideal (x1, · · · , xr) of SL. Now we have
C(T )⊗C(G) L ∼= C(T )⊗C(G)
(
C(G)
(σ1,··· ,σr)
)
∼=
C(T )
IC(T )
∼=
(̂SL)m
I (̂SL)m
∼=
(̂
SL
ISL
)
m
(By Lemma 4.2).
On the other hand,
(4.6)
SL
ISL
∼= L⊗Q
(
Q[x1, · · · , xr]
I
)
∼=
s∏
j=1
L⊗Q Aj ,
where each Aj is an artinian local ring which is finite over Q. In particular, the
ideal m is nilpotent in each of the factor L ⊗ Aj and hence the last term in (4.6)
is complete with respect to m. We conclude that SL
ISL
is complete in the m-adic
topology. In particular, we obtain
C(T )⊗C(G) L ∼=
(̂
SL
ISL
)
m
∼=
SL
ISL
and this completes the proof. 
Corollary 4.4. Let X × G/B
pi
−→ X be the trivial flag bundle. Then the map λX
is given by
Ω∗(X)⊗Q Λ
∼=
−→ Ω∗(X)⊗L ΛL
λX−→ Ω∗(E/B)
which is an L-algebra isomorphism if X is smooth.
Proof. The first assertion of the corollary follows directly from (3.3) and Corol-
lary 4.3. If X is smooth, this map is an L-algebra homomorphism because so
are the maps in (3.1) and Corollary 4.3. Moreover, it is an isomorphism by [10,
Lemma 6.5] and [13, Theorem 3.1]. 
5. Surjectivity of λX
We now let p : E → X be a an arbitrary principal G-bundle and let π : E/B →
X be the associated flag bundle. Using the above inclusions of the polynomial
rings inside the power series rings, we get natural homomorphisms
(5.1) Ω∗(X)⊗SW
L
SL
φX
((Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
δX

Ω∗(X)⊗C(G) C(T )
λX
// Ω∗(E/B)
of SL-modules, which are also SL-algebra homomorphisms if X is smooth.
As a first step towards proving Theorem 3.4, we show in this section that the
map λX is surjective. In fact, the proof that follows will show that the map φX
is surjective. It will eventually turn out that both the maps φX and λX are iso-
morphisms. We begin with the following elementary property of principal bundles
and the local property of algebraic cobordism.
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Lemma 5.1. Let p : E → X be a principal G-bundle and let π : E/B → X be
the associated flag bundle. Then the G-action G×E
µ
−→ E induces a commutative
diagram
(5.2) G/B × E/B
µ′
//
pi′

E/B
pi

E/B
pi
// X
which is Cartesian and where π′ is the projection to the second factor.
Proof. Since E
p
−→ X is a principal G-bundle quotient of quasi-projective schemes,
the action map G×E
µ
−→ E induces a commutative diagram
(5.3) G×E
µ
//
p′

E
p

E p
// X
which is Cartesian and where p′ is the projection to the second factor by the general
properties of principal bundles (cf. [7, 0.10]).
Now, the map µ descends to a map G × E/B → E/B. Moreover, this map
is B-equivariant where B acts trivially on E/B and by left multiplication on G.
Taking the quotients, we get a canonical map G/B × E/B
µ′
−→ E/B making the
diagram (5.2) commute. It is now an easy exercise to check from (5.3) that this
diagram is Cartesian too. 
Lemma 5.2. Let f : X ′ → X be a finite and e´tale morphism of smooth and
connected schemes. Then there exists an open subscheme U
j
→֒ X such that for
the map g = f |U ′ : U
′ = f−1(U)→ U , one has g∗(1) = [k(X
′) : k(X)].
Proof. Let η denote the generic point of X and consider the Cartesian diagram
(5.4) X ′η
h

i′
// U ′
g

j′
// X ′
f

η
i
// U
j
// X,
where U is any open subscheme of X . Since X ′ is connected, we see that Xη =
Spec(k(X ′)). Put p = j ◦ i, p′ = j′ ◦ i′ and d = [k(X ′) : k(X)]. It follows from [11,
Lemma 4.7] that
p∗ ◦ f∗(1) = h∗ ◦ p
′∗(1) = h∗(1) = d.
Since the algebraic cobordism is generically constant by [11, Lemma 13.3, Corol-
lary 13.4], there exists an open subscheme U
j
→֒ X such that j∗ ◦ f∗(1) = d in
Ω∗(U). This in turn implies that
g∗(1) = g∗ ◦ j
′∗(1) = j∗ ◦ f∗(1) = d
and this proves the lemma. 
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Corollary 5.3. Let f : X ′ → X be a finite and e´tale morphism of smooth and
connected schemes and consider the diagram (3.4). Then there exists an open
subscheme U
j
→֒ X such that for g = f |U ′ : U
′ = f−1(U) → U , one has a
commutative diagram
(5.5) Ω∗(U)⊗C(G) C(T )
λU

g∗
// Ω∗(U ′)⊗C(G) C(T )
λU′

g∗
// Ω∗(U)⊗C(G) C(T )
λU

Ω∗(EU/B)
g∗
// Ω∗(EU ′/B)
g
∗
// Ω∗(EU/B)
such that the horizontal composite maps are multiplication by [k(X ′) : k(X)].
Proof. We choose U
j
→֒ X as in Lemma 5.2. The commutativity of the diagram
follows from Lemma 3.3. Moreover, as f is finite and e´tale of degree d, it follows
that f is also a morphism of the same type. We claim that g∗(1) = k(X
′) : k(X)].
To see this, we evaluate the required term as
g∗(1) = g∗ ◦ π
∗
U ′(1) = π
∗
U ◦ g∗(1) = [k(X
′) : k(X)],
where the second equality follows from Lemma 5.2 and this proves the claim. The
corollary now follows from the projection formula. 
Proposition 5.4. The map λX is surjective for any scheme X.
Proof. We shall prove this by induction on the dimension of X . We can assume
that X is reduced. If X is zero-dimensional, it is of the form X = Spec(K),
where K is a finite product of finite field extensions of k. We prove the case when
X = Spec(k). The same proof applies for any finite extension of k. Now, there
is a finite extension k →֒ l such that Yl is of the form Gl/Bl. Hence the result
holds for X = Spec(l) by [10, Theorem 7.6]. The case of Spec(k) now follows from
Corollary 5.3.
If the map π is of the form X × G/B
pi
−→ X with X smooth, the maps λX and
φX are in fact isomorphisms by (3.3), Corollary 4.4, [10, Lemma 6.5] and [13,
Theorem 3.1]. In the general case, we can find an e´tale cover X ′
f
−→ X such that
the base change E/B×XX
′ pi
′
−→ X ′ is the trivial flag bundle X ′ × G/B → X ′.
We can now find a smooth and dense open subset U
j
→֒ X such that the map
U ′ = f−1(U) → U is finite and e´tale. Moreover, the flag bundle is still trivial on
U ′. Since U is a disjoint union of smooth and connected schemes, the surjectivity
of λU follows from the case of the trivial bundle shown above and Corollary 5.3.
We now let Z = X − U be the complement of U in X with the reduced closed
subscheme structure and consider the diagram
(5.6) Ω∗(Z)⊗C(G) C(T ) //
λZ

Ω∗(X)⊗C(G) C(T ) //
λX

Ω∗(U)⊗C(G) C(T ) //
λU

0
Ω∗(EZ/B) // Ω
∗(E/B) // Ω∗(EU/B) // 0
which is commutative by Lemma 3.3 and whose rows are exact by Theorem 2.1.
Since U is open and dense, Z is a closed subscheme of dimension which is strictly
smaller than that of X . Hence the map λZ is surjective by induction. We have
shown above that λU is surjective. Hence the map λX is surjective too. 
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Remark 5.5. Since the maps
Ω∗(X)⊗SW
L
SL
δX−→ Ω∗(X)⊗C(G) C(T )
λX−→ Ω∗(E/B)
are isomorphisms for the trivial bundle G/B × X
pi
−→ X for X smooth by Corol-
lary 4.4, exactly the same proof as for Proposition 5.4 shows that the maps δX and
φX are also surjective for any scheme X .
6. Proof of Theorem 3.4
Recall from Section 4 that Λ = S/I = Λ0 ⊕ Λ1 ⊕ · · · ⊕ ΛN is the graded quo-
tient of S = Q[x1, · · · , xr] by the ideal I which is generated by the homogeneous
polynomials of positive degree which are invariant under W . It is clear that Λ0 is
one-dimensional over Q generated by the unit element of the ring. It also follows
from Lemma 4.1 that ΛN is an one-dimensional Q-vector space. We fix these two
generators and denote them by ρ0 = 1 and ρN respectively. Let p0 = 1 and pN be
their homogeneous lifts in S0 and SN respectively. For any scheme X , we consider
the map
(6.1) ψ : Ω∗(X)→ Ω∗(X)
ψ(x) = π∗ ◦ φX(x⊗ pN ) = π∗ ◦ (c1(pN) ∩ π
∗(x))
where φX is the homomorphism in (5.1). We need the following property of this
map.
Lemma 6.1. Let Z
i
→֒ X be a closed subscheme such that ψZ is identity. Let
Ω∗Z(X) ⊂ Ω
∗(X) be the image of the map Ω∗(Z)
i∗−→ Ω∗(X). Then, ψZ induces a
map ψZX : Ω
∗
Z(X)→ Ω
∗
Z(X) such that the diagram
(6.2) Ω∗Z(X)
//
ψZ
X

Ω∗(X)
ψX

Ω∗Z(X) // Ω
∗(X)
is commutative and ψZX is identity.
Proof. We consider the following diagram.
Ω∗(Z)
i∗

pi∗
Z
// Ω∗(EZ/B)
i′
∗

·pN
// Ω∗(EZ/B)
i′
∗

piZ∗
// Ω∗(Z)
i∗

Ω∗(X)
pi∗
// Ω∗(E/B)
·pN
// Ω∗(E/B)
pi∗
// Ω∗(X).
The first square from the left clearly commutes as πZ is the pull-back of a smooth
morphism. The second square commutes by Lemma 3.2. The third square is
simply the commutativity of the push-forward maps. We conclude that the big
outer square commutes. Since the top and the bottom composite horizontal arrows
are ψZ and ψX respectively, we get the commutative square (6.2). Moreover, ψ
Z
X
is identity because ψZ is so. 
Lemma 6.2. For any scheme X, there is a finite filtration by closed subschemes
∅ = Xn+1 ⊂ Xn ⊂ · · · ⊂ X1 ⊂ X0 = X
such that ψU i is identity for each 0 ≤ i ≤ n, where U
i = (X i −X i+1).
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Proof. We prove this by induction on the dimension of X . If X is zero-dimensional,
we can use Corollary 5.3 and the argument in the proof of Proposition 5.4 to reduce
to the case when X = Spec(k) and E/B = G/B. We can apply Corollary 4.3 and
[10, Theorem 7.6] to get a graded L-algebra isomorphism
(6.3) φk : L⊗Q Λ
∼=
−→ Ω∗(G/B).
Let SL
η
−→ ΛL denote the quotient map. Under the above isomorphism, we get for
any homogeneous element m ∈ Li,
ψk(m) = π∗◦φk◦η (m⊗ pN) = π∗◦φk (m⊗ ρN ) = π∗ (ρN · π
∗(m)) = π∗ (1⊗ ρN )·m,
where the last equality holds by the projection formula. On the other hand, as L0
is the one-dimensional vector space generated by the class of [Spec(k)] , we see that
ΩN (G/B) ∼= L0 ⊗ΛN
∼=
−→ Q[1⊗ ρN ] and π∗(1⊗ pN ) is simply the class of [Spec(k)]
in L0, which is the identity element. This proves the zero-dimensional case. If X
is any smooth scheme and Y = X ×G/B, then it follows from Corollary 4.4 and
the case of X = Spec(k) that ψX is identity.
In the general case, we can find an e´tale cover f : X ′ → X such that E is trivial
over X . Hence E/B ×X X
′
∼=
−→ E/B × X ′ and πX′ is just the projection map by
Lemma 5.1. Since f is generically finite, we can find a dense open subset U
j
→֒ X
such that U is smooth and the map g : U ′ = f−1(U)→ U is finite and e´tale. The
proof of Lemma 6.1 shows that the right square in the diagram
(6.4) Ω∗(U)
g∗
//
ψU

Ω∗(U ′)
g∗
//
ψU′

Ω∗(U)
ψU

Ω∗(U)
g∗
// Ω∗(U ′)
g∗
// Ω∗(U)
commutes. Since g is e´tale, the similar argument shows that the left square com-
mutes. Furthermore, we can apply Corollary 5.2 to choose the open subset U so
that g∗ is injective. We have shown above that ψU ′ is identity. We conclude that
ψU must also be identity.
Put X1 = (X − U). Then X1 is a closed subscheme of X of dimension which is
strictly less than that of X . The proof of the lemma now follows by induction. 
Proposition 6.3. For any scheme X, the homomorphism ψX is an isomorphism.
Proof. We choose a finite filtration of X as in Lemma 6.2. We have shown that
ψ(X−X1) is identity. Assume by induction that ψ(X−Xm) is an isomorphism and
consider the diagram
(6.5) 0 // Ω
∗
(Xm−Xm+1) (X −X
m+1) //
ψ
(Xm−Xm+1)
(X−Xm+1)

Ω∗(X −Xm+1) //
ψ(X−Xm+1)

Ω∗(X −Xm)
ψ(X−Xm)

// 0
0 // Ω
∗
(Xm−Xm+1) (X −X
m+1) // Ω∗(X −Xm+1) // Ω∗(X −Xm) // 0
which is commutative by Lemma 6.1. The top and the bottom rows are exact by
Theorem 2.1. The left vertical map is identity by Lemmas 6.1 and 6.2. The right
vertical map is isomorphism by induction. We conclude that the middle vertical
map is an isomorphism too and the induction continues. 
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Corollary 6.4. For any scheme X, the pull-back map Ω∗(X)
pi∗
−→ Ω∗(E/B) is
injective.
Proof. This follows directly from Proposition 6.3. 
Proposition 6.5. Let X × G/B
pi
−→ X be the trivial flag bundle. Then the map
λX is an isomorphism.
Proof. The surjectivity of λX and δX follows directly from Proposition 5.4 and
Remark 5.5. So we only need to show the injectivity. By Remark 5.5 again, it
suffices to show that φX is injective (and hence isomorphism). By Corollary 4.4,
φX is same as the map of graded ΛL-modules
(6.6) Ω∗(X)⊗Q Λ
φX−→ Ω∗(E/B)
and this map factorizes the composite map θX as
(6.7) θX : Ω
∗(X)⊗L SL
ηX
։ Ω∗(X)⊗L ΛL
φX−→ Ω∗(E/B).
It suffices to show that φX is injective on each graded piece of the left term
in (6.6). So let
x ∈ (Ω∗(X)⊗Q Λ)
m =
N
⊕
p=0
Ωm−p ⊗Q Λp.
be such that φX(x) = 0.
Let {bp1, · · · , b
p
sp
} be a chosen Q-basis of Λp and let {u
p
1, · · · , u
p
sp
} their homoge-
neous lifts in S. We have b01 = ρ0 = 1 and b
N
1 = ρN . Similarly, u
0
1 = p0 = 1 and
uN1 = pN . We can then write x uniquely as
x =
N∑
p=0
xp, where xp =
sp∑
i=1
xpi ⊗ b
p
i .
We show inductively that xp = 0 for each p. First of all,
φX(x) = 0⇒ pN · φX(x) = 0⇒ θX(pN · x) = 0⇒ φX(ρN · x) = 0.
On the other hand, we have by Lemma 4.1,
ρN · xp =
sp∑
i=1
xpi ⊗ (b
p
i · ρN )
which is zero for p > 0 and x01 ⊗ ρN for p = 0. Thus we conclude that
φX(x) = 0⇒ φX(x
0
1 ⊗ ρN) = 0⇒ π∗ ◦ φX(x
0
1 ⊗ ρN) = 0.
But the last equality is equivalent to saying that ψX(x
0
1) = 0 and this implies that
x01 = 0 by Proposition 6.3. In particular, x0 = x
0
1 ⊗ b
0
1 = 0.
We assume by induction that xq = 0 for q < p with p ≥ 1 and we show that xp
is zero too. We prove this following the proof of [19] for the Chow groups. We fix
an integer 1 ≤ l ≤ sp. By Lemma 4.1, there exists c ∈ ΛN−p such that
bpi · c =
{
0 if i 6= l
ρN if i = l.
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In particular, we get
c · x =
N∑
j=p
sj∑
i=1
xji ⊗ (b
j
i · c)
=
sp∑
i=1
xpi ⊗ (b
p
i · c)
= xpl ⊗ ρN ,
where the second equality occurs because j + (N − p) > N for j > p. We lift c to
a homogeneous element e of S. We then have as before,
(6.8) φX(x) = 0⇒ eφX(x) = 0⇒ θX(e · x) = 0⇒ φX(c · x) = 0.
We conclude from this that φX(x) = 0⇒ φX(x
p
l ⊗ ρN ) = 0, which in turn implies
that
ψX(x
p
l ) = π∗ ◦ φX (c1(pN) ∩ π
∗(xpl )) = π∗ ◦ φX(x
p
l ⊗ ρN ) = 0.
It follows from Proposition 6.3 that xpl = 0 and the induction continues to show
that xp = 0. This completes the proof. 
Proof of Theorem 3.4: The surjectivity of λX follows from Proposition 5.4.
Furthermore, the map δX is also surjective by Remark 5.5. Thus we only need to
show that φX is injective.
Put Y = E/B. It follows from Lemma 5.1 that the pull-back Y ×X Y → Y is
the trivial flag bundle G/B × Y
pi′
−→ Y . We now consider the diagram
(6.9) Ω∗(X)⊗SW
L
SL
φX
//
pi∗⊗Id

Ω∗(E/B)
pi′∗

Ω∗(Y )⊗SW
L
SL
φY
// Ω∗(G/B × Y )
which is commutative by Lemma 3.3. Since SL is flat over S
W
L , the left vertical
arrow is injective by Corollary 6.4. The bottom horizontal arrow is injective by
Proposition 6.5. We conclude that the top horizontal arrow is injective too. 
Corollary 6.6. Let G be a connected linear algebraic group with a split maximal
torus T . If E
p
−→ X is a principal G-bundle over a scheme X, then
Ω∗(E)
∼=
−→ Ω∗(X)⊗C(G) L ∼=
Ω∗(X)
IΩ∗(X)
,
where I is the ideal of C(G) generated by the Chern classes of G-homogeneous line
bundles. This is an L-algebra isomorphism if X is smooth.
Proof. By [10, Theorem 7.4], the natural map
Ω∗T (E)⊗C(T ) L→ Ω
∗(E)
is an isomorphism, which is an L-algebra isomorphism if X is smooth. On the
other hand, it follows from Theorem 2.2 that the term on the left is same as
Ω∗(E/B)⊗C(T ) L. The corollary now follows from Theorem 3.4. 
Corollary 6.7. Let G be a connected algebraic group (not necessarily linear) over
k and let G
αG−→ A(G) be the albanese morphism of G. Then there is an L-algebra
isomorphism
Ω∗(G) ∼=
Ω∗(A(G))
IΩ∗(A(G))
.
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Proof. It follows immediately from Corollary 6.6 and the fundamental exact se-
quence
1→ Gaff → G
αG−→ A(G)→ 1,
where Gaff is the largest connected linear algebraic subgroup of G. 
7. Cobordism of E/P
In this section, we complete the proof of Theorem 1.1 by deducing it from The-
orem 3.4. This is done by using the following general technique, which the author
learned from an unpublished note [6] of Edidin and Larsen. So let (G, T,B,W ) be
our given datum, where we have already reduced to the case when G is reductive.
Since T is split, the group G is given by its root system Φ(G, T ). Let ∆ be a base
of Φ and B the corresponding Borel. By the well known theory of root system
(cf. [17]), for every subset I of ∆, there exists a corresponding parabolic subgroup
PI ⊃ B and every parabolic subgroup containing B is of this form. Let ΨI be
the intersection of Φ with the span of I and let PI = MINI be the corresponding
Levi decomposition, where MI contains T and Φ(MI , T ) = ΨI . The Weyl group
of MI with respect to T is the subgroup of W generated by the simple reflections
corresponding to the elements of I. The Borel subgroup BI of MI corresponding
to the positive roots in ΨI is the intersection of B with MI and hence the natural
map P → MI gives an isomorphism PI/B
∼=
−→ MI/BI . Since every Borel subgroup
is conjugate to B, we can assume without loss of generality that PI is same as P .
We then obtain tower of fibrations
(7.1) E → E/N → E/B
g
−→ E/P
f
−→ X.
We need the following Corollary of Theorem 3.4 to prove the case of parabolic flag
bundles.
Corollary 7.1. Let (G, T,B,W ) be the datum as above and let E → X be a
principal G-bundle. The natural map Ω∗(X)→ Ω∗(E/B)W is an isomorphism.
Proof. This follows immediately from Theorem 3.4 using the fact that the trivial
W -module Q is a projective Q[W ]-module, and MW = HomC[W ] (Q,M) for any
Q[W ]-module M . 
To prove Theorem 1.1, we notice that E/B → E/P is a M/B-bundle, where B
is a Borel in M containing T . If WP is Weyl group of M with respect to T , we
obtain
(7.2) Ω∗(E/P )⊗C(T )WP C(T )
∼=
−→ Ω∗(E/B)
by Theorem 3.4. Taking the WP -invariants and using Corollary 7.1, we get
Ω∗(E/P )
∼=
−→ Ω∗(E/B)WP ∼= Ω∗(X)⊗C(T )W C(T )
WP .
This completes the proof of Theorem 1.1. 
8. Higher Chow groups of flag-bundles
Let X be a scheme and let p : E → X be a principal G-bundle and let π :
E/B → X be the flag bundle associated to a Borel subgroup of G. In this section,
we describe the higher Chow groups of E and E/B in terms of the higher Chow
groups of X and the characteristic classes of the maximal torus T . From this, we
obtain formula for the higher Chow groups of the flag bundles π : E/P → X .
Recall from [1] that the higher Chow groups of X are given by the homology
groups CHi(X, n) = Hn (Z
i(X, •)) of the cycle complex Z i(X, •) of codimension
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i cycles in the simplicial spaces X × ∆•. We refer to loc. cit. for more detail
and for some standard functorial properties. For a scheme X with G-action, the
equivariant higher Chow groups CH∗G(X, •) are defined in [5]. We refer the reader
to [8] for more details about these groups. We denote by CH∗(X), the full Chow
groups
∞
⊕
n=0
CH∗(X, n) of X . This is a CH∗(k)-algebra if X is smooth.
Let S = CH∗T (k)
∼= Q[x1, · · · , xr] and S
W = S(G) = CH∗G(k)
∼= Q[σ1, · · · , σr]
be as before. Then the same construction as in Section 3 (or as in [19]) gives a
natural map of S-modules
(8.1) αX : CH
∗(X)⊗SW S → CH
∗(E/B).
Lemma 8.1. Let E/B × X
pi
−→ X be the trivial flag bundle. Then αX is an
isomorphism.
Proof. We first assume X = Spec(k). By [9, Theorem 1.6], the natural map
CH∗G(G/B) ⊗SW Q → CH
∗(G/B) is an isomorphism since G/B is smooth and
projective. On the other hand, we have CH∗G(G/B)
∼= CH∗T (k) by [8, Corollary 3.2].
In particular, we get
CH∗(k)⊗SW S ∼= (CH
∗
T (k)⊗S Q)⊗SW S
∼= CH∗T (k)⊗S (S ⊗SW Q)
∼= CH∗T (k)⊗SW Q
∼= CH∗(G/B),
where the first isomorphism holds by [9, Theorem 1.6]. If G/B × X
pi
−→ X is the
trivial bundle, then we have
CH∗(X)⊗SW S ∼=
(
CH∗(X)⊗CH∗(k) CH
∗(k)
)
⊗SW S
∼= CH∗(X)⊗CH∗(k) (CH
∗(k)⊗SW S)
∼= CH∗(X)⊗CH∗(k) CH
∗(G/B)
∼= CH∗(X ×G/B),
where the third isomorphism follows from the case of X = Spec(k) and the last
isomorphism follows from [8, Lemma 3.6]. This completes the proof. 
Proof of Theorem 1.2: As in the case of cobordism, we can deduce the case of
parabolic subgroups from the case of Borel subgroups. So we prove the result for
the flag bundles of the type E/B → X . We prove by induction on the dimension
of X . If X is zero-dimensional, this follows from the case of X = Spec(k) shown
above and the analogue of Corollary 5.3 for the higher Chow groups. In general,
following the proof in the cobordism case, we can find a dense open subset U
j
→֒ X
and a finite e´tale cover g : U ′ → U such that the pull-back of E/B is the trivial
flag bundle on U ′ and the result holds for U ′ as shown above. We deduce the
result for U by the higher Chow groups analogue of Corollary 5.3. Let Z be the
complement of U in X with the reduced closed subscheme structure. We get the
following diagram of long exact localization sequences
CH∗(U)⊗ S
∂
//
αU

CH∗(Z)⊗ S
i∗
//
αZ

CH∗(X)⊗ S
j∗
//
αX

CH∗(U)⊗ S
∂
//
αU

CH∗(Z)⊗ S
αZ

CH∗(EU/B)
∂′
// CH∗(EZ/B)
i′
∗
// CH∗(E/B)
j′∗
// CH∗(EU/B)
∂′
// CH∗(EZ/B),
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where the tensor product in the top row is over the ring SW . In particular, this
row is exact by the flatness of S over SW . Since the dimension of Z is strictly
smaller than that of X , we see that the maps αZ are isomorphisms by induction.
We have shown above that the maps αU are also isomorphisms. We conclude that
αX is an isomorphism. 
Corollary 8.2. Let G be a connected linear algebraic group with a split maximal
torus T . Let E
p
−→ X be a principal G-bundle over a scheme X. Then
CH∗(E)
∼=
−→ CH∗(X)⊗S(G) Q ∼=
CH∗(X)
ICH∗(X)
,
where I is the ideal of S(G) generated by the Chern classes of G-homogeneous line
bundles. This is a Q-algebra isomorphism if X is smooth.
Proof. The proof is exactly same as the proof of Corollary 6.6. 
The following corollary recovers a result of Brion [2, Proposition 2.8] for the
ordinary Chow groups CH∗(G, 0) of connected algebraic groups as a special case.
Corollary 8.3. Let G be a connected algebraic group (not necessarily linear) over
k and let G
αG−→ A(G) be the albanese morphism of G. Then there is a Q-algebra
isomorphism
CH∗(G) ∼=
CH∗(A(G))
ICH∗(A(G))
.
Proof. The proof is exactly same as the proof of Corollary 6.7. 
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